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Traditional queueing models characterize the random nature of customer ar-
rivals and services by modelling the interarrival times (or, alternatively, the num-
ber of arrivals in given time intervals) and the service times as random variables.
In particular, this means that the service time is considered as the fundamental
quantity that characterizes the speed of the service process: it indicates the total
time the service facility needs to process exactly one customer. In reality, how-
ever, the service time of a customer is the synthesis of two different aspects of
the service process, which are usually left implicit in classical models: the service
requirement or service demand of the customer and the service capacity of the
service facility.
In this study, we introduce the term work unit to model both aspects sepa-
rately. On the one hand, the service demand of each customer is expressed as an
integer number of work units that are required to give complete service to the
customer at hand. On the other hand, the service capacity of the service facility
is expressed as an integer number of work units that the service facility is able to
execute in one time unit (“slot”). More specifically, we consider a discrete-time
queueing model in which the service demands of the consecutive customers arriv-
ing at the system constitute a sequence of independent and identically distributed
(i.i.d.) positive discrete random variables with an arbitrary probability distribu-
tion, and where the service capacity of the system is constant from slot to slot
and given by r work units per slot. New customers demanding variable amounts
of work enter the system according to a general independent arrival process, i.e.,
the numbers of arrivals are i.i.d. from slot to slot and arbitrarily distributed. The
service facility serves customers sequentially in First-Come-First-Served (FCFS)
order, spending no more than r work units in each slot.
The service of a next customer is only started when the previous customer has
received complete service. In particular, the operation of the service facility is as
follows. If, at the start of a slot, the remaining service demand of the customer
in service is less than r work units, then the service facility completes the service
of this customer and immediately (during the same slot) starts the service of
the next customer in the queue (if any) – using the remaining part of its service
capacity – or (else) becomes idle. If a customer whose service is initiated in a slot
requires more work units than the service facility has left in that slot, the service
of that customer continues in the next slot. As usual in discrete-time models, we
also assume that the service of a customer can start no earlier than during the
slot following his arrival slot, i.e., we adopt a late-arrival-with-delayed-access [1]
convention with respect to the sequence of events at slot boundaries.
For this non-classical queueing model, we obtain explicit closed-form results
for the (steady-state) probability generating functions (pgfs) of the unfinished
work (i.e., the total number of work units) in the system and the queueing delay
of an arbitrary customer (i.e., the number of slots between the end of the arrival
slot of the customer and the end of the slot during which the last work unit of
the service demand of the customer is actually being executed). All these results
are generic in the sense that they do not require specific assumptions as to the
distributions of the number of arrivals per slot and the service requirements of
the customers. They do, however, involve a minimum amount of numerical work,
as the r−1 zeroes of a complex function inside the complex unit disk are needed.
The derivation of the (steady-state) pgf of the system content (i.e., the number
of customers in the system) is shown to be much harder in general. Therefore,
we confine ourselves to a number of special cases. When the service-demand
distribution is geometric, we do succeed in deriving an explicit expression for
the pgf of the system content, notably from the pgf of the unfinished work. For
two special arrival processes, i.e., Bernoulli and geometric, the pgf of the system
content can also be derived in explicit closed form, in this case from the pgf
of the customer delay. Finally, in case a geometric service-demand distribution
is combined with Bernoulli or geometric arrivals, we are able to obtain explicit
closed-form results for the pgfs, the probability mass functions and the expected
values of the unfinished work, the delay and the system content, in terms of the
parameters of the model on the one hand and just one single zero of a complex
function outside the complex unit disk.
This work is related to [2] and [3], in which a model with general service-
demand distribution and geometrically distributed service capacities was exam-
ined. The geometric (and, hence, memoryless) nature of the service-capacity
distribution simplified the analysis considerably in that case, but is undoubtedly
less realistic than the deterministic counterpart considered in the current analysis.
The model we study is relevant in a wide variety of application areas. The
fixed service capacity could model, for instance, the available bandwidth on a
communication link, the number of trucks that can be handled at a border check-
point, the number of nurses or operating room time slots in a hospital, the number
of workers in a building company, the production capacity of a plant, etc.
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